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Abstract
A generalized purely kinematic model is proposed for the description of the displacement field in a granular material slowly discharging from a hopper. In addition
to the diffusion constant of the well known kinematic model, our generalized version
includes a new parameter accounting for the dilatancy effect taking place during
the flow. Experimental measurements of particle tracers displacements were made
in a ”quasi two-dimensional” hopper and a promising agreement with the model
was found. Applications to quasi static flows occurring in copper mining are discussed. It is shown that the effect of a small dilation on drawbody shapes can be
introduced by taking a slightly larger diffusion constant in the kinematic model. As
a consequence, the drawbody width D increases as dilation is increased and links
to the drawbody height H as D2 ∼ DP H. This result captures the main features
of some independent measurements performed in operating mines as well.
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Introduction

Predicting the particular type of hopper flows that occur in many underground mines when extracting mineral by the ”block caving method” [1] is of
fundamental importance optimizing ore recovery. The general features of these
flows, the related open problems as well as the approaches in use for mining
application have recently been discussed by several authors, for instance, E.
T. Brown [2] and A. Rustan [3]. The major difficulty in understanding the
flows is the absence of a reliable theory to describe the complex rheological
properties of granular materials. A schema presenting the common geometry
used in block caving is presented in Fig. 1. In this method, a large number of
hoppers is organized in a periodic lattice such that the geometry and distance
between neighbors optimizes the global extraction process and ore recovery.
To develop insight into the optimization process, most experimental efforts
have focused on the prediction of the initial locus of material that is extracted
from a single aperture or drawpoint. Such a locus is named the ”drawbody”
or Isolated Extracted Zone (IEZ) and depends mainly on the volume of extracted material. Besides the hopper apertures size and the distance between
hoppers, another important parameter is the average size of granulates, which
might strongly influence the average IEZ size. In addition, even in the case of
prefractured procedure, the material inside the cavity is initially in a compact
state and dilates as it flows. To our knowledge this important effect has not
been investigated until now.
In turn, the IEZ geometry provides useful information about the interaction
between two neighboring IEZs which is an important criterium for optimizing draw point distances in a mine. In practice, the extracted material locus
resulting from either simultaneous or sequential extractions from several drawpoints, is roughly estimated by the elementary geometrical superposition of
IEZs produced by drawpoints under study. Although this approximation is
rather crude. Due to the lack of both analytical models and reliable experimental data, little progress in describing the flow resulting from interactions
of several drawpoints has been made.
In a recent paper [4], we have briefly reviewed the available models to account
for the shape of the IEZ. The Bergmark Roos hypothesis was discussed and
it was shown that when the continuity equation is considered material local density unphysically increases with time. More realistic drawbody shapes
were calculated for flows predicted from a plasticity theory model, as well as
from a kinematic model. Applications to complex configurations where flow is
produced by two drawpoints, either in simultaneous or sequential extractions,
were discussed in detail. In particular, by taking advantage of the kinematic
model’s linearity and the geometrical simplicity of the plasticity model, the
combined extracted zone was calculated exactly and its dependence on dis2

Fig. 1. Schematic distribution of drawpoints employed in the block caving method.
Vertical and horizontal cuts intend to show the main geometrical features of the
hoppers used in underground mining. The ellipsoidal shapes on top of several hoppers intend to mimic the distribution of IEZs. Zoom view schematizes the loosening
zone (limited by the thicker line) and the IEZ (thin line).

tance between drawpoints was investigated.
Here we present several laboratory experiments intended to mimic relevant
aspects of flows encountered in copper mining when the block caving technique is applied. Special attention is devoted to the material dilation effect
taking place during flow. To capture the experimental finding, we derive a
simple generalized kinematic model in which local dilation, induced by flow,
is included in a heuristic constitutive law.
In a first approximation, local dilation depending only on local grain displacements is proposed. A Finite elements code is used to solve the model, and
experiments performed in a quasi two dimensional geometry are examined to
check the validity of our assumptions.
This report is organized as follow: in section II, we present a brief overview of
the hopper flow problem. The experimental considerations and main results
are presented in section III. These include the study of granular flow displacements for simultaneous extractions in a single and double aperture systems,
and the evolution of the free surface during the extraction process. In section
III and IV , the kinematic model is extended to a slow flow case, then the potential applications of the kinematic model to account for the evolution of the
free surface and the granular flow interaction are investigated in two and three
dimensional systems with finite size apertures. In section V , an extension to
the kinematic model is introduced to take into account the dilatancy effects.
The IEZ is calculated and compared to experimental results. Discussions are
summarized in the concluding section.
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Granular flow overview: kinematic model

Despite its complexity, the flow of granular materials can be described by hydrodynamical models whenever the characteristic size of the container is much
larger than granulate size. The hopper flows driven by gravity are typical candidates for this kind of approach. Thus, following the fluid approximation two
limit regimes can be found, namely, viscous and inertial. The viscous regime
appears when gravity is balanced by an effective viscosity. However, since Bagnold, it is well accepted that no intrinsic viscosity exists in granular materials
as in diluted gases. As was suggested by Bagnold [5], the viscous stress σ is a
quadratic function of both the local shear rate ∂x V , and the particle diameter
d, i.e., σ ∼ d2 (∂x V )2 . Then, when gravitational
acceleration, g, is included the
√ 3
Bagnold law for the mean flow, V ∼ gR /d, is obtained. This law is not only
a function of the hopper aperture R, but also of the granulate size d. To our
knowledge there is no experimental evidences that support this regime. On the
other hand, when gravity balances inertia, i.e., the usual convective term in
transport equations,
we obtain the inertial regime in which the typical mean
√
speed, V ∼ gR, is independent of the grain size and depends only on the
hopper aperture. This regime is well observed experimentally in a wide variety
of granular materials [6,7]. Note that in a simple fluid, the characteristic
length
√
scale is the fluid level H, and the mean velocity is given by V ∼ gH. Many
theoretical models have been developed to explain this deep difference between
granular materials and fluids. A more elaborate approach to predict velocity
distributions of granular materials is based on plasticity theory [8], where
the velocity distribution is obtained from the stress distribution calculated in
the static material. In spite of the apparent simplicity of these models small
progress has been made in predicting velocity fields in complex configurations.
To overcome these difficulties, several authors have proposed alternative approaches by either modeling the flow as the upward diffusion of voids [9] or by
considering the probability of granulate motion as a random process [10]. In
both cases, the velocity diffuses upward from the aperture. Following the same
ideas, Nedderman and Tüzün [11], developed a model such that the particles,
located immediately above the orifice, fall down letting the particles in the upper layers slide into the vacant space. Thus, it is expected that the horizontal
velocity depends on the gradient of the vertical velocity, U = −Dp ∂x V . Using
mass conservation, it is easily found that ∂y V = DP ∂xx V . The same authors
have shown that the kinematic model is successful in describing the velocity
distribution in a rectangular hopper under stationary conditions, when the
material is in a loose packing state [11]. However, if the material inside the
hopper is in a nearly compact state the agreement becomes poor [12], due to
the dilation that take place when a densely packed granular material starts to
flow. Recent experimental results [13,14] confirm these findings and show that
streamlines are correctly predicted by kinematic models in the loose packing
regime. However, the kinematic model does not include any dynamical consid4

erations, hence to provide quantitative flow predictions a precise knowledge of
the velocity distribution at the hopper aperture is required. This information
can be obtained by detailed observations in free flow experiments.

3

Experimental results

The experimental setup is described in detail in reference [15]. Here we provide
a few aspects necessary to contrast experimental finding with the theoretical
models developed below. A quasi two dimensional flat bottomed hopper was
designed to observe the flow of grains, Fig. 2. This hopper is made of two
parallel plexiglass plates, with 110cm wide and 100cm high, held 2cm apart
by a rigid frame. The space between the plates was filled with glass beads of
d = 2mm diameter at some intermediate packing. To characterize the motion
of the grains horizontal lines of colored material were placed periodically. These
lines are labeled by their vertical positions, ym = m∆y , where m is an integer
and ∆y = 3cm, see Fig. 2. The vertical deflection of the lines corresponding
to the particle displacements was recorded each time a certain amount of material was extracted. To extract material from the hopper several equidistant
cylindrical holes were drilled centered and perpendicular to its base. The holes
located 2cm apart are 1cm in diameter and 7cm in length, every cylindrical
aperture is also provided with a flush mounted valve located at the upper end,
allowing the experimenter to select configurations with different active hopper apertures. This setup provides a simple way to investigate configurations
where the flow is produced by a single aperture or multiple apertures. In order
to study the interaction of flows, the distance between adjacent active holes is
considered a variable. More complex situations are possible to obtain and are
reported elsewhere. An extra valve is located at 4.5cm below the upper valve
of each cylindrical hole allowing for precise control of the extracted volume. It
is aimed to mimic the actual discrete process during the extraction of material
taking place in the mine.
Figure 3 illustrates the tracers’ motion after one, three and five volume extractions respectively. The deflection of tracer lines decreases until vanishing
at long distance from the aperture. Useful information can be obtained by
defining the locus of granulates that moves a distance larger than an arbitrary
value after an extraction of material is done. This locus is named ”loosening
region”, and its extension depends on the criterium used to determine whether
or not the granulates are substantially moved. In our experiments, the loosening region includes all the granulates displaced more than a fraction of a
granulate√diameter, and its width Dl increases with the extracted volume Vext ,
as Dl ∼ Vext [15].
The tracer line displacements, in the case of flows created by two drawpoints in
5

Fig. 2. Front view of the experimental set up. Horizontal lines, 3cm apart, are made
of colored particles used as tracers. A network of equidistant apertures, 2cm apart,
allows to explore flow interactions for a wide range of aperture distances.

simultaneous extraction, are illustrated in Fig. 4. The interaction of flows is not
observed in the regions located very close to the aperture, the granulate motion
seems to be similar to the isolated hoppers, see Fig. 3. However, the interaction
of flows becomes visible quickly with increasing vertical distance from the
aperture. Remarkably, in the central region, the tracer lines move downwards
while remaining horizontal, with small lateral deformations, as would occur in
a constant descending flow. The main features of this combined flow can be
captured, at least qualitatively, by the linear superposition of isolated flows.
This is discussed in more detail using the kinematic model framework in the
next sections.

Fig. 3. Front view. Tracer lines deflection produced by granulate displacement from
a single drawpoint for 1, 3 and 5 extractions respectively. Solid line on the right
panel represents the loosening region of maximum width Dl .
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Fig. 4. Tracer lines deflection produced by granulates displacements in the case of
two apertures in simultaneous extractions. The distance between drawpoints is 8cm.
Left panel: after two extractions. Middle panel: after four extractions. Right panel:
after eight extractions.

4

Two dimensional flows

Both, the experiments described above and the hopper flows occurring in underground mines when the block caving method is applied, can be considered,
in a first approximation, as a quasi static process. In the caving method, for
instance, it is very often that the flux of granulate is limited by the frequency
of material extraction; a given mass of material is taken from the aperture
and then the granular column is allowed to relax until a new extraction is
required. In such situations, the average granulate speed at the aperture is
clearly restricted by the speed of the extraction operation which is relatively
slow compared to the free flow. For a discrete extraction process, the time scale
is irrelevant and the granulate displacement, imposed at the hopper aperture,
is more suitable than the granulate speed. Thus, the simplest generalization
of kinematic model writes,
u = − DP

∂v
,
∂x

(1)

where u and v are the horizontal and vertical displacements of granulate respectively. In addition, if the material is initially in a compact state, at every
extraction some irreversible dilation takes place. The equation above neglects
any volume increases induced by the local dilation. This effect will be included
later in the text. Using the continuity equation and ignoring dilation,
∂u ∂v
+
= 0,
∂x ∂y

(2)
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a diffusion equation can be obtained for the vertical evolution of an imposed
vertical displacement at the aperture. This is,
∂2v
∂v
= DP 2 ,
∂y
∂x

(3)

which can be easily solved for given boundary conditions at the aperture.
4.1 Single aperture
Let us begin studying the case of a single aperture of finite size in a flat bottomed hopper, such that the boundary conditions are specified at the aperture
only. Orienting the reference frame in such a way that it is centered at the
aperture of width 2R, the boundary conditions at y = 0 are, v = −v0 for
−R < x < R, and v = 0 for x < −R and x > R. With these conditions, the
solution of the diffusion equation is a superposition of two error functions and
becomes,
"

#

v0
x+R
x−R
v(x, y) = −
erf ( √
) − erf ( √
) ,
2
4DP y
4DP y

(4)

Notice, the calculation of the horizontal displacement u can be easily obtained
from mass conservation, Eq. 2. It reads,
s

"

#

2
(x−R)2
v0 2 DP − (x+R)
−
u(x, y) = −
e 4DP y − e 4DP y ,
4πy

(5)

Instead of plotting the whole displacement field, we follow the motion of
marked particles, located initially in a network of equidistant horizontal lines
3cm apart along the vertical, and labeled by the vertical coordinate ym , i.e.
ym = m∆y, with ∆y = 3cm, as in the experiments, see Fig 2. In practice to
perform the calculations, it is necessary to impose a displacement at the aperture, named here ”step” v0 , smaller than the particle diameter, v0 ≤ d. Then,
the new positions of the dyed particles are calculated. To observe the evolution of the system at the end of an actual single extraction, as many ”steps”
as necessary are executed until completing the ”section” of one extraction, S.
If a similar displacement is imposed at each step, then the displacement field
does not need to be recalculated. However, in a Lagrangian description, the
step process is required to accurately calculate the new positions of marked
particles. Figure 5 represents the displacement calculated after several extractions when the diffusion coefficient is taken equal to a particle diameter. By
contrasting Fig. 5 to experimental results, presented in Fig. 3, we observe an
8

Fig. 5. Calculations of particles displacement at several vertical levels, for a diffusion coefficient DP = d. Here v0 = d, with d = 0.2cm, 2R = 1cm, and a single
extraction corresponds to a section of removed material, S = 4.5cm2 . (a) Particles
displacement after 1 extraction. (b) Particles displacement after 3 extractions. (c)
Particles displacement after 5 extractions.

interesting qualitative agreement of tracer displacements near the aperture.
However in experiment, the granulate displacement penetrates at a smaller
distance from the aperture. This effect can not be captured by the kinematic
model in the present form, since this model must conserve the granulate mass,
which is equivalent to conserving the area explored by the tracer lines when
the material density is kept constant.

4.2 Drawbody shapes
A few well known concepts, such as stream lines, drawbody shapes and motion
zone can be revisited from the point of view of the above simple description.
In the two dimensional flow, the streamlines are parallel to the displacement
of the particles and, therefore, they obey the following equation,
dy
dx
=
.
u
v

(6)

For the case of a narrow aperture, the above equation can be integrated analytically and the IEZ calculated exactly [4]. However, for finite size apertures,
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an analytical solution of Eq. 6 is difficult to obtain. We thus integrate it numerically by a simple shooting method. Figure 6 shows that the streamlines
are nearly parabolas at regions far from the hopper aperture. However, near
the symmetry axis of the aperture and at vertical distances of the order of its
size, the streamlines are nearly parallel. In the usual definition, a drawbody
is the geometrical initial location of the particles that, after one extraction,
cross the aperture. Equivalently, a drawbody is simply the surface demarcating the zone of material to be extracted. In Fig. 6, solid lines represent
the IEZ for increasing amount of extracted material. Since we consider here
a flat bottomed hopper whose flow is described by a diffusive model, drawbodies exhibit a form near the aperture that is relatively wider. Indeed, near
the aperture, the diffusion of lateral flow is dominant, giving rise to the observed IEZ shape. For a full discussion on drawbody shapes resulting from
different types of granular flows see reference [4]. Here let us recall that for
narrow apertures in two dimensions, the IEZ height H is linked to the width
D as, D2 = 6DP H. In the case of finite size aperture, this result holds for
a large amount of extracted material. However,
at early stages of extraction,
√
the present calculation predicts, D ≈ R + 6DP H.

Fig. 6. Dashed lines are the trajectories of particles in the kinematic model description, for DP = d, R = (5/2)d and d = 0.2cm. Solid lines are the drawbodies shapes
for increasing extracted section S of material, namely, S = 17, 48, 190, 380, 530cm2 .

4.3 Flow interactions: two apertures in simultaneous extraction

We now discuss the flows produced by two apertures located a certain distance
apart. In the framework of the kinematic model, which is a linear approximation, the flow due to several apertures simply corresponds to the superposition
10

of the flow produced by individual apertures. In general this is written as,
~v =

X

~i ),
~vv0 (~x − L

(7)

~i
L

where ~vv0 is the displacement field produced by a single aperture with vertical
~ i . For mining
displacement ~v0 at the hopper aperture centered at position L
application this result appears to be very useful. Since it is enough to know the
flow produced by a single aperture to construct the flow of hoppers of multiple
apertures when the extraction takes place simultaneously. Naturally, care must
be taken to handle correctly the boundary conditions normally imposed at the
hopper bottom.
For simplicity, we calculate the trajectory lines and drawbody shape in the
case of two apertures of finite width, separated by a given distance, and within
the kinematic approximation. As stated above, the velocity field is the superposition of the two contributions. Then, for apertures of width 2R, located
symmetrically on the horizontal axis, and separated a distance 2L, the vertical displacement reads,
"

#

v0
x−L+R
x−L−R
v(x, y) = −
erf ( √
) − erf ( √
)
2
4DP y
4DP y
"
#
v0
x+L+R
x+L−R
−
erf ( √
) − erf ( √
)
2
4DP y
4DP y

(8)

The respective horizontal displacement u, after an elementary extraction, can
∂v
be easily obtained from u = − DP ∂x
. Thus, with the help of the above
considerations, the total displacement is evaluated numerically to follow the
deflection of tracer lines. The calculations of such deflections are presented
in Fig. 7 for several amounts of extracted granular material. The interaction
zone is clearly visualized in the region between the two apertures, specially
far above the apertures where the displacement of tracer lines might become
nearly parallel. It can be easily anticipated that, if the diffusion coefficient
DP is small and apertures are too far apart, the flows due to single apertures
may not interact. A detailed discussion of the criterium and parameters that
determine whether or not interaction of flows occurs is given in Ref. [4].
The streamlines and drawbody shapes for double aperture hoppers are calculated numerically and presented in Fig. 8 for increasing amount of extracted
material. The flow interaction is well visualized between the two apertures
where streamlines are nearly parallel. On the other hand, far from the apertures and outside of the middle region, the streamlines are parabolas whose
curvature is nearly determined by the diffusion coefficient only.
11

Fig. 7. Snapshots of particles displacement at several levels, for two apertures
8cm apart. The size aperture is 2R = 1cm and the diffusion coefficient is
DP = d = 0.2cm. As above, a single extraction, at a given aperture, corresponds to
S = 4.5cm2 . Here v0 = d. (a) Particles displacement after 1 extraction. (b) Particles
displacement after 3 extractions. (c) Particles displacement after 5 extractions.

Fig. 8. Draw body resulting from the interaction of the flow produced by two apertures for increasing extracted section S = 40, 190, 350, 630, 830cm2 . The parameters
are DP = d, R = (5/2)d, L = 40d, d = 0.2cm.

5

Three dimensional flows

In order to compare the kinematic model predictions to the experimental
findings, we solve the kinematic model for the three dimensional case and
account for the exact geometry employed in experiments. In three dimensions,
the kinematic model is generalized as,
u = − DP

∂v
∂x

(9)
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and
w = − DP

∂v
∂z

(10)

From the condition of constant density, similar to Eq. 2, the equation for the
vertical displacement is,
"

#

∂v
∂ 2v ∂ 2v
= DP
+
,
∂y
∂x2 ∂z 2

(11)

To contrast analytical results to experimental findings, we calculate the displacement field using the experimental geometry described in the corresponding previous section. To calculate the displacement field, in addition to the
condition for v on hopper bottom, it is necessary to include the respective
impenetrable conditions at front and back walls as well as the lateral walls.
∂v
These conditions, as deduced from Eq. 10 read, ∂v
|
= 0 and ∂x
|±Lx = 0.
∂z ±Lz
Then, we calculate the vertical displacements of marked particles located at
the front wall of the hopper, i.e. v(x, y = m∆y , z = +Lz ). Notice that, in
the experimental configuration Dz 6= Lz . Thus, although the hopper gap
(2Lx ) is small compared to other dimensions, the flow is still three dimensional. In the following, the procedure to solve the three dimensional diffusion equation is schematized. Using the classical separation of variables
method, the displacement field can beh written as, v = X(x)Y
i (y)Z(z) and
1 ∂ 2 Z(z)
1 ∂Y (y)
1 ∂ 2 X(x)
which can be
the Eq. 11 becomes, Y (y) ∂y = DP X(x) ∂x2 + Z(z) ∂z2
2

2

1 ∂ X(x)
1 ∂ Z(z)
separated as, X(x)
= DP Y1 (y) ∂Y∂y(y) − Z(z)
= −kx2 , where −kx2 is
∂x2
∂z 2
the separation constant. This equation accepts solutions of the type, X(x) =
A cos kx x + B sin kx x. If the reference frame is centered at the hopper aperture and boundary conditions are symmetric, then reflection symmetry implies
|
= 0, the
B = 0. From the boundary conditions at the lateral walls, ∂X
∂x ±Lx
nπ
1 ∂ 2 Z(z)
possible eigenvalues are, kx = Lx , with n = 0, 1, 2, ...∞. Similarly, Z(z) ∂z2 =

kx2 + DP Y1 (y) ∂Y∂y(y) = −kz2 , where −kz2 is an additional separation constant. This
equation admits solutions of the type Z(z) = C cos kz z + D sin kz z as well.
From reflection symmetry D = 0, and from the impenetrable conditions at
|
= 0, the selected eigenvalues are, kz = mπ
,
the front and back walls, ∂Z
∂z ±Lz
Lz
∂Y (y)
1
2
2
with m = 0, 1, 2, ...∞. Finally, DP Y (y) ∂y = − [kz + kx ], whose solution is
Y (y) = E exp − [kz2 + kx2 ] DP y. Thus, the general solution becomes,
h

∞,∞
X

i

2
y
nπ
mπ −DP ( Lnπx )2 +( mπ
Lz )
v=
Anm cos
x cos
ze
,
Lx
Lz
n,m=0

(12)

where Anm are constants to be evaluated from the initial conditions. To account for the experimental finding described in the text, we impose homoge13

neous extraction procedure at the hopper aperture, i.e., at y = 0, v = −v0 ,
for (x, y) such that −Dx < x < Dx and −Dz < z < Dz and v = 0 elsewhere. The Anm coefficients are obtained after a straightforward calculation
based on eigenvector orthogonality, and with the help of Eq. 10, u and w are
easily obtained. Figure 9 shows these displacements after 1 and 3 extractions
respectively. The agreement is quite good for the particles located close to the
aperture, whereas theoretical predictions become gradually poorer for particles located at higher vertical positions. It is worthy to note, that due to the
constant density hypothesis involved in the calculations, the integrated deflection, for all initially dyed horizontal lines, must be basically the total section
of granulate extracted from the aperture. This condition is clearly not fulfilled
for the experimental deflections. Therefore, dilatancy effects must be taken
into account.

Fig. 9. Granulates displacement at several height levels, as observed experimentally,
compared to the calculation from Eq. 12, for DP = d and the exact geometry of the
experiment. Left panel: after one extraction. Right panel: after three extractions.

For the double aperture case, the displacement field can be directly calculated
by the superposition of the contributions from each aperture as given by Eq.
12. Comparisons -not presented here- of these results with experimental ones
provide a good agreement near the aperture. However, similar to the results
presented in Fig. 9, far above the apertures, the agreement becomes poor due
to dilation effects. In the next section, we propose a simplified method to
introduce dilation effect into the kinematic model.
14
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Dilatancy effects

Although it seems quite natural to assume that the dilation effect is the main
reason for the disagreement (encountered far from the aperture) between the
experimental and theoretical displacement fields, we provide some more evidence to support this assumption by exploring the amount of light transmitted
through the granular material when the number of extractions is increased.
The snapshots depicted in Fig. 10 were taken while illuminating the granulate
from behind homogeneously. Thus, the small packing variations are detected
by contrast difference on the picture. Naturally, the observed increase of light
transmission is due to some dilation which in turn is produced by granulate
motion. Panels of Fig. 10 also give useful indications of the boundaries of
motion -loosening- zone.

Fig. 10. All panels are front views of the granular compact as produced when intense
transmitted light is used. Zones of lower densities appear more illuminated and
correspond to regions in which granulate displacement took place.

For simplicity, we investigate dilatancy effects in two dimensional configurations. Notice that for the case proposed here, this approximation holds since
the dilation effects are very important far from the aperture, where our configuration can be considered as truly two dimensional. One evidence of this fact
is that the profile of the free surface does not vary along the axis perpendicular
to the parallel walls, see Fig. 10. One possible way to account for dilation in
the kinematic model is by introducing the additional displacement uδ (v) and
vδ (v), due to local packing variation, such that Eq. 1 becomes,
u = − DP

∂v
+ uδ (v),
∂x

(13)

where uδ (v), as discussed below, is considered an implicit function of space
through the vertical displacement v. On the other hand, the continuity equation reads,
−
→ − −
→
−
δρ + ρ ∇ · →
v +→
v · ∇ρ = 0,

(14)
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−
→
→
where we will assume that the advection of density gradients, −
v · ∇ρ ∼ 0,
is small, since the density variation is mainly induced when a density front
moves upwards. In this case Eq. 14 becomes,
"

#

∂u ∂v
∂uδ (v) ∂vδ (v)
+
= ∆S/S0 =
+
,
∂x ∂y
∂x
∂y

(15)

where ∆S/S0 is the relative variation of the section occupied by the material.
Differentiating Eq. 13 and with the help of Eq. 15, it is found that,
∂v
∂ 2 v ∂vδ (v)
= DP 2 +
,
∂y
∂x
∂y

(16)

∂u
∂ 2 v ∂uδ (v)
= −DP 2 +
,
∂x
∂x
∂x

(17)

and,

in which dilatancy terms are unknown and difficult to derive from first principles. Therefore, we will look for suitable heuristic approximations for these
quantities.
Let us first consider an ideal case in which diffusion is turned off and a small
displacement is imposed at the hopper aperture whose size is taken to be
much larger than the average granulate diameter. Our second step is to take
dilatancy as a function of the local displacement only. If we assume that the
entire granulate is initially in a homogeneous state of a given packing, for
instance a random close packing (RCP), and after some motion of grains
|v| À d, it dilates to a random loose packing (RLP), such a function must
saturate to a maximum dilation value α0 , which is simply the relative difference
between the initial and final packing, in this case, α0 = αrcp−rlp . However,
when the displacement is small, i.e. |v| ¿ d, the dilation should vanishes. The
simplest choice that satisfies the above requirements reads,
v
∂v
= −α0 tanh ,
∂y
d

(18)

which in the limit of small displacement becomes,
v
∂v
= −α0 ,
∂y
d

(19)

that predicts an exponential decrease of the vertical displacement as a function
of height.
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To handle compressions, that in our configuration would occur when imposing
positive displacements at the hopper aperture, α0 needs to be replaced by its
respective value. For instance, the one characterizing a transition from RLP
to a more compact state. Note that α0 is defined here as positive.
At this stage we justify in more detail the approximations involved in deriving
Eq. 19. Although it has been well known since Bagnold’s time that shear
induces dilation, in our case, we have assumed that the main mechanism of
dilation is decompaction instead of shear. Simple scale arguments allows us to
sustain such an assumption. The two main contributions to dilation induced
∂v
δ
δ
by shear are estimated to be; ∂u
∼ α0 ∂x
, and ∂v
. Where the
∼ α0 ∂u
∂x shear
∂y shear
∂y
terms at the right indicate that a dilation of a fraction α0 occurs when the
particles experience a shear of order 1, or equivalently, when the granulates
under scope glide a distance of one diameter over their nearest neighbors.
Using the kinematic model and mass conservation, these expressions can be
∂2v
δ
δ
∼ DαP0 u ∼ √αD0 vP0y and, ∂v
∼ √αD0 vP0y DyP ,
rewritten as, ∂u
∼ α0 DP ∂y∂x
∂x shear
∂y shear
where v0 is the scale of vertical displacement. Since in our coarse grained
approximation the vertical coordinate is always larger than the particle diδ
δ
ameter, y À d, ∂u
À ∂v
. Now the decompaction contribution to
∂x shear
∂y shear
∂vδ
α0
α0
dilation becomes, ∂y ∼ d v ∼ d v0 , which clearly dominates over the shear
contribution. Notice that dilation can not take place indefinitely and must
cease once the granulate has reached the loosest state. This effect is not important for the rough estimate above. Thus, in the following, we only consider
δ
the decompaction contribution to dilation as given by Eq. 19 and ∂u
∼ 0.
∂x
6.1 Diffusion dilation equations
Coming back to our original problem, we write the equation for the displacement field including diffusion as well as dilation. When v << d, it reads,
∂v
∂2v
v
= DP 2 − α0 ,
∂y
∂x
d

(20)

At this stage some comments are in order and relate to the validity of the
given equation. Notice that, the small displacement approximation is preferred
instead of Eq. 18. This approximation allows to follow more precisely the
trajectories of the tracer particles. Indeed, to mimic a single extraction, we
produce successive small displacements of equal size, labeled by the index n,
at the hopper aperture until removing the desired amount of material. Thus,
for every step, the displacement field is calculated and, with this information,
the new tracer positions are determined accurately. Another advantage of the
small displacement approximation is that the local density of the material can
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be refreshed at each step, producing more realistic results. In summary, the
generalized diffusion dilation equation for step n, can be written as,
2 n
n
∂ 2vn
∂v n
−|vT |/d ∂ v
−|vT |/d v
= DRLP
−
∆De
−
α
e
0
∂y
∂x2
∂x2
d

(21)
P

n−1 k
where v n is the displacement field produced by the step n and vT = i=0
v
is the total local-displacement (vT = vT (x, y)) after n − 1 steps. The additional factor, e−|vT |/d , insures that the local dilation available to the granular
material, following each step, is reduced with the accumulation of local displacements, in such a way that it vanishes when the total displacement vT is
larger than d. In short, e−|vT |/d assures that the system stops dilating after a
set number of steps. In addition, it can be seen that the diffusion coefficient
DP is now defined as, DRLP − ∆De−|vT |/d , which includes the variation of
DP , ∆D, due to the dilation occurring when the material dilates from the
RCP to the RLP state. DRLP is the diffusion coefficient for a RLP state,
∆D = DRLP − DRCP is the difference between the diffusion coefficient of the
RLP state and the RCP state, and α0 is the maximum possible dilation as
before.

Equation 21 can be solved using a finite element method, such as the CrankNicholson procedure. In Fig. 11 we contrast our experimental results to the
displacement of the tracers predicted by the diffusion-dilation model. The
agreement is acceptable if the dilation coefficient is adjusted to α0 ≈ 0.1 and
can be further improved by adjusting DP and α0 simultaneously.
In Fig. 12, we compare the calculated displacement field including the dilation
effect to previous dilation-less calculations. Whereas in the purely diffusive
model, left panel, the displacement penetrates upward the entire cell, in the
dilation model, the penetration progress is gradually from the hopper bottom,
right panel. For further comparison each panel includes the IEZ and loosening
body as well. In both cases, the maximum width of the IEZ varies as D ∼
√
DP H. Furthermore, at equal extracted volume, in the presence of dilation,
the maximum width of the IEZ is larger indicating that, at the lowest order,
the presence of dilation is equivalent to having a larger diffusion coefficient.
The aspect ratio of the motion zone can also be investigated. In the absence of
dilation, the width of this zone increases rapidly with the extracted volume.
0.45
. AlIn contrast, in the presence of dilation, this zone varies as Dl ∼ Vext
though this exponent is slightly smaller than the experimental value which is
about 0.5 [15], we believe this model captures the relevant features of the experimental flow reported here. Apart from our experimental results presented
above, independent evidence obtained on the mine scale provide support for
the diffusion-dilation model presented here. For instance, as recently summarized by Y. V. Kuzmin [16], the aspect ratio of the IEZ effectively obeys a
18

Fig. 11. Particles displacement from experimental visualization contrasted to the
tracers displacement, as calculated from finite element procedure with a grid resolution of ∆x = d/4, ∆y = d/8, using the experimental parameter values and considering ∆D = 0 and α0 ≈ 0.1. The experimental parameters are DP = d = 0.2cm,
v0 = 2.2d, 2D = 0.4cm and S = 4.5cm2 . (Left panel) Particles displacement calculations after one extraction. (Right panel) Particles displacement calculations after
five extraction.

√
diffusion type law for which D ≈ H. Following the same author, these results have been obtained by Professor V. V. Kulikov, based on empirical data,
after years of research in underground mines.

Fig. 12. Tracers displacement at several vertical levels after 0.8 extraction, as calculated from finite elements procedure with a grid resolution of ∆x = d/8, ∆y = d/4.
Here, the diffusion coefficient is DP = d = 0.2cm, 2R = 0.4cm and v0 = 2.2d.
Isolated extracted zones (solid lines) and loosening zones (open circles) are also
displayed for 0.4 and 0.8 extractions. Left panel: α0 = 0. Right panel: α0 = 0.1.

19

Some interesting features of the evolution of the granulate free surface can be
investigated with the help of the kinematic model as well. As the free surface
moves with the grains, its vertical amplitude η obeys the partial differential
equation,
∂η
∂η
=v+u ,
∂n
∂x

(22)

where n is the extraction step. Figure 10 also shows the evolution of the free
surface of the granulate. To solve Eq. 22, in a crude approximation, we assume
that the displacement field is not affected by the presence of the free surface
and it is sufficient to replace v(η) and u(η), obtained from relations 5 and 8, in
Eq. 22 to determine the surface evolution. Since the granulate dilation is not
too high for the case depicted in the middle panel of Fig. 10, the kinematic
model is able to capture reasonably well the evolution of the surface. For in∂η
stance, at early stages of extraction, i.e. when u(η) ∂x
<< v(η) the surface
deflection exhibits an inverted Gaussian shape which is consistent with a diffusive displacement field. However, for later stages of the extraction process,
the granulate surface becomes more inclined and its dynamics dominated by
intermittent or continuous avalanches that can not be captured by the simple
kinematic model, right panel of Fig. 10.

6.2 Conclusions
In summary, we first developed the kinematic model for granulate displacements in flat bottomed hoppers in the absence of dilation. This model, which
includes a single parameter, namely a diffusion coefficient on the order of
the particles diameter, d, accounting well for granular flows when dilatancy
does not take place. For experimental situations, in which dilation occurs, a
generalization of the kinematic model is required. In the present report, we
investigated theoretically the dilatancy effect in a quasi two dimensional geometry. Our results account well for the vertical penetration of the displacement
field and for the deflection of the initially straight tracer lines observed in
the experiments. Thus, the development of the ”Diffusion-Dilatancy” equations open a way to the study of more complex configurations, which might
include stratified granular materials of different size or even distinct packing,
and hoppers of more complex geometry, for instance, conical hoppers. As far
as we can anticipate, the generalization of these results to multiple aperture
hopper flows should not present any technical difficulty.
Finally, let us point out that we believe that the simplified ideas presented
above might be of interest for mining applications. However, additional effort
is necessary to capture the complexity of the flows encountered in mining pro20

cesses in which size distribution, shape effects, size reduction due to friction
and many other effects might be relevant. For such questions, some partial
answers have been provided. For instance, recent experiments [14] have shown
that no bulk segregation takes place in hopper flows of mixtures of granular
materials. Significant size separation only occurs when the free surface becomes inclined at the avalanche angle. The mechanism of this latter effect is
well known and we might encounter a variety of situations depending on size
contrast and particle shape [17]. Thus, for granular mixtures, we believe that
kinematic models are still useful if an effective diffusion constant is introduced.
In addition, the maximum shear zone features predicted by diffusive models
should provide important insight about particle size reduction due to strong
shear.
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